The production of nal state photons in hadronic Z-boson decays can be used to study the quark-to-photon fragmentation function D q! (z; F ). Currently, two different observables are used at LEP to probe this function: the`photon' + 1 jet rate and the inclusive photon energy distribution. We outline the results of a calculation of the`photon' + 1 jet rate at xed O( s ), which yield a next-to-leading order determination of the quark-to-photon fragmentation function D q! (z; F ). The resulting predictions for the isolated photon rate and the inclusive photon spectrum at the same, xed order, are found to be in good agreement with experimental data. Furthermore, we outline the main features of conventional approaches using parameterizations of the resummed solutions of the evolution equation and point out de ciencies of these currently available parameterizations in the large z-region. We nally demonstrate that the ALEPH data on the`photon' + 1 jet rate are able to discriminate between di erent parameterizations of the quark-to-photon fragmentation function, which are equally allowed by the OPAL photon energy distribution data.
Introduction
The production of nal state photons at large transverse momenta is one of the key observables studied in hadronic collisions. Data on high-p T photon production yield valuable information on the gluon distribution in the proton, while the presence of photons in the nal state represents an important background source in many searches for new physics. A good understanding of direct photon production within the context of the Standard model is therefore essential.
Photons produced in hadronic collisions arise essentially from two di erent sources: the direct production of a photon o a primary parton or through the fragmentation of a hadronic jet into a single photon carrying a large fraction of the jet energy. The former gives rise to perturbatively calculable short-distance contributions whereas the latter is primarily a long distance process which cannot be calculated within perturbative QCD. It is described by the process-independent parton-to-photon fragmentation function 1] which must be determined from experimental data. Its evolution with the factorization scale F can however be determined by perturbative methods.
Directly emitted photons are usually well separated from all hadron jets produced in a particular event, while photons originating from fragmentation processes are primarily to be found inside hadronic jets. Consequently, by imposing some isolation criterion on the photon, one is in principle able to suppress (but not to eliminate) the fragmentation contribution to nal state photon cross sections, and thus to de ne isolated photons. However, recent analyses of the production of isolated photons in electron-positron and proton-antiproton collisions have shown that the application of a geometrical isolation cone surrounding the photon does not lead to a reasonable agreement between theoretical prediction and experimental data.
An alternative approach to study nal state photons produced in a hadronic environment is obtained by applying the so-called democratic clustering procedure 2] . In this approach, the photon is treated like any other hadron and is clustered simultaneously with the other hadrons into jets. Consequently, one of the jets in the nal state contains a photon and is labelled`photon jet' if the fraction of electromagnetic energy within the jet is su ciently large, z = E EM E EM + E HAD > z cut ; (1) with z cut determined by the experimental conditions. This photon is called isolated if it carries more than a certain fraction, typically 95%, of the jet energy and said to be non-isolated otherwise. Note that this separation is made by studying the experimental z distribution and is usually such that hadronisation e ects, which tend to reduce z, are minimized.
This democratic procedure has been applied by the ALEPH collaboration at CERN in an analysis of two jet events in electron-positron annihilation in which one of the jets contains a highly energetic photon 3] . In this analysis, ALEPH made a leading order determination of the quark-to-photon fragmentation function by comparing the photon + 1 jet rate calculated + 1 jet rate relies, is an explicit counting of powers of the strong coupling s in both the direct and the fragmentation contributions, no resummation of ln 2 F is performed. We shall refer to this theoretical framework as the xed order approach. In Section 2, we will describe the main features of the leading and next-to-leading order calculation of the photon + 1 jet rate following this xed order approach and see how the obtained predictions compare with the available data.
More recently, the OPAL collaboration has measured the inclusive photon distribution for nal state photons with energies as small as 10 GeV 4] . This corresponds to the photon carrying a fraction of the beam momentum, x , to be as low as 0.2. They have compared their results with the two model-dependent predictions of GRV 5] and BFG 6] and found a reasonable agreement in both cases when choosing the factorization scale F = M Z . In Section 2 we shall compare the predictions obtained for the inclusive rate within our xed order approach with the OPAL data too.
The model predictions 5, 6] mentioned above are based on a resummation of the logarithms of the factorization scale F and naturally associate an inverse power of s with all fragmentation contributions. We shall refer to this resummation procedure as the conventional approach. In Section 3 we shall present the main features of this approach, outline the results obtained for the photon + 1 jet rate in this approach while using either the GRV or BFG parameterizations for the photon fragmentation function and show how these compare with the ALEPH data. Finally Section 4 contains our conclusions.
2 The photon + 1 jet rate in the xed order framework 2.1 The photon + 1 jet rate at O( ) In the xed order framework, the cross section for the production of isolated photons receives sizeable contributions from both direct photon and fragmentation processes. More precisely, the distribution of electromagnetic energy within the photon jet of photon + 1 jet events, for a single quark of charge e q , at O( ) in the MS-scheme, can be written as 2], 
The : : : represent terms which are well behaved as z ! 1. C (0) is the coe cient function corresponding to the lowest order process e + e ? !. It is de ned after the leading quark-photon singularity has been subtracted and factorized in the bare quark-to-photon fragmentation function in the MS scheme. 
In this equation, all unknown long-distance e ects are related to the behaviour of D q! (z; 0 ), the initial value of this fragmentation function which has been tted to the data at some initial scale 0 (2) are important. Large logarithms of (1 ? z) become the most dominant contributions. Being primarily interested in the high z region, in 2] it was chosen not to impose the conventional prejudice and resum the logarithms of F a priori but to work within a xed order framework, to isolate the relevant large logarithms.
We have performed the calculation of the O( s ) corrections to the`photon' + 1 jet rate using the same democratic procedure to de ne the photon as in 2, 3] . The details of this xed order calculation have been presented in 8]. In the following, we shall limit ourselves to outline the main characteristics of this calculation, to summarize the results and to show how these compare with the available experimental data from ALEPH.
2.2
The`photon' + 1 jet rate at O( s )
The`photon' + 1 jet rate in e + e ? annihilation at O( s ) receives contributions from ve parton-level subprocesses displayed in Fig. 1 . Although the`photon' + 1 jet cross section is nite at O( s ), all these contributions contain divergences (when the photon and/or the gluon are collinear with one of the quarks, when the gluon is soft or since the bare quark-tophoton fragmentation function contains in nite counter terms). All these divergences have to be isolated and cancelled analytically before the`photon' + 1 jet cross section can be evaluated numerically.
The various con gurations where the tree level process !g contributes to the photon + 1 jet rate are illustrated in Fig. 2 . The associated real contributions can be separated into three categories: either theoretically resolved, single unresolved or double unresolved. Within each singular region which is de ned using a theoretical criterion s min , the matrix elements are approximated and the unresolved variables analytically integrated. The evaluation of the singular contributions associated with the process !g is of particular interest as it contains various ingredients which could directly be applied to the calculation of jet observables at next-to-next-to-leading order. Indeed, besides the contributions arising when one nal state gluon is collinear or soft (single unresolved contributions, see g.2(b)), there are also contributions where two of the nal state partons are theoretically unresolved, see g.2(c) . The three di erent double unresolved contributions which occur in this calculation are: the triple collinear contributions, arising when the photon and the gluon are simultaneously collinear to one of the quarks, the soft/collinear contributions arising when the photon is collinear to one of the quarks while the gluon is soft and the double single collinear contributions, resulting when the photon is collinear to one of the quarks while the gluon is collinear to the other. A detailed derivation of each of these singular real contributions and of the singular contributions arising in the processes depicted in Fig. 1 
Combining all unresolved contributions present in the processes shown in Fig. 1 (a)-(d) yields a result that still contains single and double poles in . These pole terms are however proportional to the universal next-to-leading order splitting function P (1) q 9] and a convolution of two lowest order splitting functions, (P (0)P (0) q ). Hence, they can be factorized into the next-to-leading order counterterm of the bare quark-to photon fragmentation function 10] present in the contribution depicted in Fig. 1(e) , yielding a nite and factorization scale ( F ) dependent result 8].
We have then chosen to evaluate the remaining nite contributions numerically using the hybrid subtraction method, a generalization of the phase space slicing procedure 11, 12] . The latter procedure turns out to be inappropriate when more than one particle is potentially unresolved. Indeed, in our calculation we found areas in the four parton phase space which belong simultaneously to two di erent single collinear regions. Those areas cannot be treated correctly within the phase space slicing procedure. Within the hybrid subtraction method developed in 13], a parton resolution criterion s min is used to separate the phase space into di erent resolved and unresolved regions. Phase space slicing and hybrid subtraction methods vary only in the numerical treatment of the unresolved regions. While the matrix elements are set to zero in the former method, one considers the di erence between the full matrix element and its approximation in all unresolved regions in the latter. The nonsingular contributions are calculated using Monte Carlo methods like in the phase space slicing scheme.
The numerical program nally evaluating the`photon' + 1 jet rate at O( s ) contains four separate contributions. Each of them depends logarithmically (in fact as log 3 (y min )) on the theoretical resolution parameter y min = s min =Q 2 . The physical`photon' + 1 jet cross section, which is the sum of all four contributions, must of course be independent of the choice of y min , the latter being just an artefact of the theoretical calculation. In Fig. 3 , we see that the cross section approaches (within numerical errors) a constant value provided that y min is chosen small enough, indicating that a complete cancellation of all powers of log(y min ) takes place. This provides a strong check on the correctness of our results and on the consistency of our approach.
Finally, after factorization of the quark-photon singularities, the O( s ) cross section 
The lowest order cross section has been given in eq. (2) while the hard scattering coe cient functions C (n) i appearing explicitly in this equation are de ned as follows. The ( nite) nextto-leading order coe cient function C (1) is obtained numerically after the next-to-leading quark-photon singularity has been subtracted. More precisely, C (1) is obtained after summing all contributions which are independent of D q! (z; F ) arising from the Feynman diagrams depicted in Fig. 1 together. A detailed description of the evaluation of C (1) has been given in 8]. The coe cient function C (0) q is the nite part associated with the sum of real and virtual gluon contributions to the process e + e ? !. It is straightforward to evaluate, and can be found for example in 14].
Comparison with Experimental Data
A comparison between the measured`photon' + 1 jet rate 3] and our calculation yielded . The next-to-leading order corrections were found to be moderate for all values of y cut demonstrating the perturbative stability of our xed order approach. To test the generality of our results, we have considered two further applications: the`isolated' photon rate and the inclusive photon distribution which we shall now brie y present.
Using the results of the calculation of the photon + 1 jet rate at O( s ) and the tted quark-to-photon fragmentation function, we have determined the isolated rate de ned as the photon + 1 jet rate for z > 0:95 in the democratic approach. The result of this calculation compared with data from ALEPH 3] and the leading order calculation 2] is shown in Fig. 4 . It can clearly be seen that inclusion of the next-to-leading order corrections improves the agreement between data and theory over the whole range of y cut . It is also apparent that the next-to-leading order corrections to the isolated photon + 1 jet rate obtained in this democratic clustering approach are of reasonable size indicating a good perturbative stability of this isolated photon de nition.
The OPAL collaboration has recently measured the inclusive photon distribution for nal state photons with energies between 10 and 42 GeV 4]. Fig. 5 shows our (scale independent) predictions for the inclusive photon energy distribution at both leading and next-to-leading 1 Note that the logarithmic term proportional to P (0) q (z) is introduced to ensure that the predicted z distribution is well behaved as z ! 1 2] . order. We see good agreement with the data, even though the phase space relevant for the OPAL data, which corresponds to x values as small as 0.2, far exceeds that used to determine the fragmentation functions from the ALEPH photon + 1 jet data. 3 The photon + 1 jet rate in the conventional approach
In the conventional approach, the parton-to-photon fragmentation function D i! satis es an all order inhomogeneous evolution equation 17]. Usually, these equations can be diagonalized in terms of the singlet and non-singlet quark fragmentation functions as well as the gluon fragmentation function. However when analyzing the global features of the solutions of these evolution equations, as was discussed in 18], several simpli cations can be consistently made. For example, the gluon-to-photon fragmentation function is by orders of magnitude smaller than the quark-to-photon fragmentation functions, as was shown in 18]. Its contribution to the photon cross section can safely be ignored. Consequently, the avour singlet and nonsinglet quark-to-photon fragmentation functions become equal to a unique fragmentation function D q! which satis es an evolution equation having a similar form than the nextto-leading order evolution valid in the xed order approach, see eq. (5). Unlike in eq. (5) though, the strong coupling s is now a function of the factorization scale, it runs. The full solution D q! of the inhomogeneous evolution equation is given by the sum of two contributions; a pointlike (or perturbative) part D pl q! which is a solution of the inhomogeneous equation follows eq.(5) and a hadronic (or non-perturbative) part D had q! which is the solution of the corresponding homogeneous equation. In the conventional approach, approximate solutions of these evolution equations are commonly obtained as follows 5, 6] . First an analytic solution in moment space is obtained in the leading logarithm (LL) or beyond leading logarithm (BLL) approximations. These are then inverted numerically to give the fragmentation function in x-space. At LL only terms of the form ( n s ln n+1 2 F ) are kept while at BLL both leading ( n s ln n+1 2 F ) and subleading ( n s ln n 2 F ) logarithms of the mass factorization scale F are resummed to all orders in the strong coupling s .
It is worth noting that both LL and BLL solutions have an asymptotic behaviour given by, This assumption is in contrast with that adopted in the xed order approach (cf. Section 2)
where the quark-to-photon fragmentation function is O( ). It leads to signi cant di erences in the respective expressions of the one-photon production cross sections. Indeed, the LL and BLL expression of the cross section in the MS scheme arising when one uses the corresponding resummed LL or BLL fragmentation functions in this approach reads As can be seen from these equations, no direct term contributes to the cross section at the LL level, while only the O( ) direct term C (0) contributes at the BLL level to it. At the BLL level, contributions arising from 1(a)-(b) do not enter in the cross section. As explained at length in 15], this conventional procedure of associating an inverse power of s with the fragmentation function is clearly appropriate when the logarithms of the factorization scale F are the only potentially large logarithms but is problematic when di erent classes of large logarithms can occur as it is the case in the`photon' + 1 jet cross section.
All unknown long-distance e ects are related to the behaviour of the input fragmentation function D np q! (z; 0 ) implicitly present in eq. (9) . In the approaches of GRV or BFG, the non perturbative input function D np q! (z; 0 ) is treated with only minor di erences. Those have been detailed in 18]. We shall here concentrate on the major common points in these approaches. At LL both GRV and BFG agree that D np q! (z; 0 ) is negligible and can be described by a vector meson dominance model (VMD) as explained in 5] and 6] respectively. However at BLL and in the MS scheme, the input fragmentation function cannot be negligible due to the presence of the direct term C (0) and cannot be described by a VMD input alone. Indeed, C (0) (z) diverges as z ! 1 and would drive the cross section to unacceptable negative values if a VMD input alone is considered for the input fragmentation function. Note that the requirement that the cross section is positive led the authors in 2, 15] to consider in the xed order approach a term proportional to P (0) q! ln(1 ? z) 2 In Fig. 6 we compare the analytic expression of the fragmentation function obtained in the xed order approach, eq.(6) with the BLL parameterizations of GRV and BFG for the numerically resummed solutions. We clearly see, that the xed order solution does diverge as z ! 1 while the numerical solutions do not. This signi cant disagreement is mainly due to de ciencies in the numerical parameterizations. In fact, it can be traced back to the presence of logarithms of (1 ? z) that are explicit in the expanded result. These logarithms should also be present in the numerical resummed results. However, the parameterizations are necessarily obtained by inverting only a nite number of moments and it is a well known problem to describe a logarithmic behaviour with a polynomial expansion. This clearly indicates that the presently available parameterizations for the resummed fragmentation functions are not accurate at large z and particularly for z > 0:95. Except in the very high z region however, we see that, the various fragmentation functions generally agree well with each other in shape and magnitude. Consequently we can expect, that predictions for the inclusive photon cross sections (which run over a wide range of z) will be largely in agreement, while signi cant di erences may be apparent in the`photon' + 1 jet estimates which focus on the large z region. Indeed, we mentioned that the OPAL data were in agreement with predictions using either (GRV or BFG) parameterizations in the conventional approach, and we showed in Section 2 that these data were also in agreement with the predictions obtained in our xed order approach.
Let us now concentrate on the`photon' + 1 jet cross section, an observable which is sensitive on the large z region (0:7 < z < 1) and see how the predictions obtained in a conventional approach compare with the ALEPH data. In the following, we focus on one particular value of the jet clustering parameter y cut , y cut = 0:1. Fig. 7 shows the BLL photon' + 1 jet rates obtained using either the GRV or BFG parameterizations of the photon fragmentation function for F = M Z . Ignoring the large z region where we have reason to doubt the accuracy, we see that the BFG predictions lie systematically below that obtained using the GRV parameterization and go through the experimental data points. As discussed in 18], this di erence is due to both the choice of hadronic scale and the non-VMD input. The BFG input is smaller and the`photon' + 1 jet data clearly selects this choice. Notice however, that the BFG parameterization for the fragmentation function unlike that of the GRV group was proposed well after the ALEPH data were released. The`photon' + 1 jet rate in the conventional approach using the GRV or the BFG inputs. The experimental data is taken from 3].
Conclusions
In summary, in Section 2 we have outlined the main features of the calculation 8] of thè photon' + 1 jet rate at O( s ). Although only next-to-leading order in perturbation theory, this calculation contains several ingredients appropriate to the calculation of jet observables at next-to-next-to-leading order. In particular, it requires to generalize the phase space slicing method of 11, 12] to take into account contributions where more than one theoretically unresolved particle is present in the nal state. The`photon' + 1 jet rate has then been evaluated for a democratic clustering algorithm with a Monte Carlo program using the hybrid subtraction method of 13]. The results of our calculation, when compared to the data 3] on the`photon' + 1 jet rate obtained by ALEPH, enabled a rst determination of the process independent quark-to-photon fragmentation function at O( s ) in a xed order approach.
As a rst application, we have used this function to calculate the`isolated' photon + 1 jet rate in a democratic clustering approach at next-to-leading order. The inclusion of the QCD corrections improves the agreement between theoretical prediction and experimental data. Moreover, it was shown that these corrections are moderate, demonstrating the perturbative stability of this particular isolated photon de nition. We have also shown that the inclusive photon energy distribution computed in this xed order approach and using the quark-tophoton fragmentation function determined with the ALEPH data and is in good agreement with the recent OPAL data.
In Section 3 we have outlined the main characteristics of the conventional approach have described how the LL and BLL solutions of the evolution equation are obtained. An impor-tant feature characterizing this approach concerns the power of s associated to the photon fragmentation function. Although this appears to be O( ), inspection of the evolution equation suggests a logarithmic growth with F , and in conventional approaches, it is ascribed a nominal power of = s . Consequences for the LL and BLL cross sections were also discussed in this section.
The full F -dependent solution D q! (z; F ) of the evolution can only be obtained provided some non-perturbative input is given. In the approaches of GRV or BFG, this input has two pieces, a small vector meson dominance contribution together with a perturbative counterterm. In either case, we have found that the large z behaviour of the fragmentation functions is not well reproduced by the parameterizations, the main problem being to describe a logarithmic behaviour with a polynomial. Predictions using any of the presently available (GRV or BFG) resummed fragmentation functions do therefore not yield accurate results in the region z > 0:95. Ignoring this high z region, the BLL predictions for the photon + 1 jet rate obtained using the BFG parameterization are found to be in agreement with the ALEPH data, while the predictions using the fragmentation function of GRV lie too high.
To summarize, we have seen that the inclusive and`photon' + 1 jet data from LEP can be described using either the O( s ) fragmentation function whose non-perturbative input is tted to the ALEPH data or using the BLL parameterization of BFG. In the latter case, the agreement needs however to be restricted to z-values below 0.95.
